We study the two-dimensional Abelian Sandpile Model on a square lattice of linear size L. We introduce the notion of avalanche's fine structure and compare the behavior of avalanches and waves of toppling. We show that according to the degree of complexity in the fine structure of avalanches, which is a direct consequence of the intricate superposition of the boundaries of successive waves, avalanches fall into two different categories. We propose scaling ansätz for these avalanche types and verify them numerically. We find that while the first type of avalanches (α) has a simple scaling behavior, the second complex type (β) is characterized by an avalanche-size dependent scaling exponent. In particular, we define an exponent γ to characterize the conditional probability distribution functions for these types of avalanches and show that γα = 0.42, while 0.7 ≤ γ β ≤ 1.0 depending on the avalanche size. This distinction provides a framework within which one can understand the lack of a consistent scaling behavior in this model, and directly addresses the long-standing puzzle of finite-size scaling in the Abelian sandpile model.
Introduction
Bak, Tang, and Wiesenfeld (BTW) introduced the notion of Self-Organized Criticality (SOC) [1] [2] [3] [4] [5] [6] as a possible mechanism for the generic emergence of spatial and temporal power law correlations. To elucidate the concept of SOC, they introduced a cellular automaton known as sandpile model which is an example of slowly driven, spatially extended, dissipative dynamical system [7] . The generality inherent in the basic notions of SOC has led to its successful application in various fields of physics as well as biology [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The common characteristics of all these systems is that they obey threshold dynamics leading to creation and relaxation of bursts of activities, typically referred to as avalanches. Although much attention has been given to the statistical properties (e.g. distribution functions) of these avalanches [2] [3] [4] [5] [6] [7] , considerably less attention has been paid to the actual dynamics of a given avalanche. This is surprising since understanding the dynamics of such avalanches which could lead to catastrophic events is an important issue in many different fields of natural sciences. In this article we concentrate on avalanche dynamics in a prototypical SOC model and identify complex dynamics of such avalanches. We then show that such complex dynamics is responsible for unusual, multi-fractal scaling behavior in this model.
Due to the simplicity of local dynamical rules, and the ease with which they are implemented on a computer, many different models exhibiting SOC have been introa e-mail: montakhab@shirazu.ac.ir duced and studied by various authors [20] [21] [22] [23] [24] . However, the prototypical sandpile model of SOC [1] and its variant known as the Abelian Sandpile Model model (ASM) [25] , has resisted many clever efforts in fully understanding its dynamical behavior [26] [27] [28] [29] [30] [31] . This is despite the fact that the analytical tractability of this model, which enables one to evaluate exactly many of its static properties [25, [32] [33] [34] [35] [36] , had provided hope for a better understanding of its avalanche properties. Currently, a complete description of the dynamical properties of the ASM is missing [36] . In order to check the assumption that the characteristic properties of avalanches in the critical state are described by scale free distribution functions with cutoffs limited only by the finite size effects, BTW proposed a simple picture of finite-size scaling (FSS) in analogy with more traditional critical phenomena [7, 37, 38] . Although, it is now generally accepted that simple FSS picture fails in describing the scaling behavior of avalanches in the BTW model, the reasons suggested for this inconsistency seem to be very different [39] [40] [41] [42] [43] . For example, in a large-scale simulation, Drossel [43] explained the deviations from pure power law behavior by dividing avalanches into dissipative and non-dissipative avalanches. However, such attempts which aim at relating the deviations from pure power law behavior to the finite-size (or boundary) effects seem to be problematic. In fact, it is shown by Ktitarev et al. [44] , that by reducing such effects one still observes the aforementioned deviations from the simple power law behavior.
Due to the complex spatiotemporal behavior of avalanches, it is reasonable to decompose them into more elementary objects. As is shown in reference [45] , because
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The European Physical Journal B of the Abelian property of the model which admits an interchangeable order in the relaxation of local instabilities, one can consider an avalanche as a composition of a series of (global) instabilities which are referred to as waves of topplings. The inconsistencies in our understanding of the dynamical behavior of avalanches reveal themselves more clearly when we consider that an ensemble of waves behaves simply and obeys FSS ansätz [44] . This is in contrast with the complex behavior of avalanches. That is, avalanches which are presumably simple composition of waves do not obey FSS. In view of the aforementioned points, the following main questions arise: while the time evolution of an avalanche differs only in the order of the relaxation of local instabilities with that of a wave, what makes the two events have such different scaling behavior? Moreover, beside peculiarities imposed by boundaries of the system and finite size effects, what possible mechanism, perhaps inherent in the dynamical behavior of an avalanche itself, might be responsible for the observed complexity in the scaling behavior of avalanches?
In general, one expects to answer these questions by considering the effect of "nontrivial composition" of correlated waves [46, 47] . However, to obtain a clear quantitative picture one needs to clarify beforehand what exactly "nontrivial composition" means, how this non-triviality is related to the complexity in avalanche dynamics, and last but not least, how this is related to the failure of simple scaling picture. In the present work, we analyze the spatiotemporal structure of avalanches in order to investigate the above issues. In particular, we find that subsequent waves within a given avalanche could "interact", and their interactions has important consequences which answers the above-posed questions in a consistent manner.
The bulk of an avalanche consists of sites which have toppled themselves, as well as all their nearest neighbors. This might lead one to naively believe that the bulk of an avalanche consists of sites which are unchanged, i.e. recurrent, where only sites on the boundary of an avalanche change their states (dynamical variable). However, avalanches can have complex internal structures. As waves of topplings occur during an avalanche, the boundaries of these waves could interact with each other leading to a complex internal (bulk) structure consisting of both recurrent and non-recurrent states, see for example Figure 1. Using these facts, we classify avalanches into two classes, simple and complex, and investigate their scaling behavior. We show that different classes of avalanches have distinctly different scaling behavior. In particular, while the scaling behavior of the first (simple) type is observed to be independent of avalanche-size, in the second (complex) type an avalanche-size dependent scaling exponent is found. Therefore two distinct types of avalanches exist, each having decidedly different scaling properties. Since in a typical study, distribution functions for a combination of these two types of avalanches are studied, it should come as no surprise that a consistent scaling behavior is not found. In this way, we argue that we have identified the "culprit" in the longstanding puzzle regarding lack of consistent scaling behavior in the ASM.
The present article is organized as follows: in Section 2, we give a brief review of the basic concepts and definitions of the ASM. In Section 3, we analyze the spatial structures of avalanches and introduce the idea of the avalanche's internal structure. In Section 4, we compare the behavior of avalanches and waves of topplings and argue that according to the degree of complexity in their internal structures, avalanches fall into two different categories, type α and type β. In Section 5, we propose scaling ansätz for the two types of avalanches and verify them numerically. Finally, Section 6 is devoted to a short summary and outlook.
2 Two-dimensional ASM and the wave picture of evolution
The two-dimensional ASM is a cellular automaton defined on a square lattice of linear size L. To every point of the lattice there corresponds an integer dynamical variable h i , which in the language of sandpiles represents the height of the column of sand at the ith site. To simulate external drive, the system is perturbed by increasing the dynamical variable of a randomly chosen site by one,
This can be interpreted as an increase in the local value of height, energy, pressure, etc. A site is considered unstable if its dynamical variable exceeds a predefined threshold value (h i > h c ). An unstable site then topples, upon which its dynamical variable is decreased by 4, whilst each of its four nearest neighbors (nn) receive one unit of energy:
In turn, through the relaxation processes, (i.e. Eqs. (3)), the neighboring sites may become unstable themselves, leading to a series of instabilities, the sum of which is referred to as an avalanche. Since the local dynamical rules are conservative, the dissipation can take place only at the boundary of the system. Here we will use open boundary conditions where, if an unstable site is on the boundary, one or more grains of sand will leave the system. The method generally used during the relaxation of an avalanche is the parallel updating method, where all unstable sites are relaxed simultaneously during an instant in the relaxation process. Due to the Abelian nature of the model, the order of the toppling during an avalanche does not affect the final state [25] . Therefore, beside the parallel method of updating, it is possible to perform the relaxation process by a succession of waves. There is a simple dynamical procedure leading to such a decomposition [45] . In this method, we relax the seeding site, say i, after its first instability. This may cause further instabilities in the neighboring sites. We then relax all other unstable sites, except the seeding site i. The set of all toppled sites during this process forms the first wave of toppling. If, after the termination of the first wave, the seeding site
